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ABSTRACT 
T h i s  paptir d e s c r i b e s  methods f o r  r e d u c i n g  v i b r a t i o n  
in  h e l i c o p t e r  r o t o r  b l a d e s  by d e t e r m i n i n g  t h e  o p t i -  
mum s izce  and l o c a t i o n s  of t u n i n g  masses  t h r o u g h  
Formal m a t h e m a t i c a l  o p t i m i z a t i o n  t e c h n i q u e s .  An 
o p t i m i z a t i o n  p r o c e d u r e  is d e v e l o p e d  which employs 
t h e  t u n i n g  masses  and c o r r e s p o n d i n g  l o c a t i o n s  a s  
d e s i g n  v , n r i a b l e s  which a r e  s y s t e m a t i c a l l y  changed 
t o  a c h i e v e  low v a l u e r  o f  s h e a r  w i t h o u t  a l a r g e  mass 
p e n a l t y .  The f i n i t e - e l e m e n t  s t r u c t u r a l  a n a l y s i s  o f  
t h e  b l a d e  and t h e  o p t i m i z a t i o n  Formula t ion  r e q u i r e  
t h e  deve lopmen t  of  d i s c r e t i z e d  e x p r e s s i o n s  f o r  two 
pe r fo rmance  p a r a m e t e r s :  t h e  modal s h a p i n g  parame- 
t e r  and t h e  modal s h e a r  a m p l i t u d e .  M a t r i x  e x p r e s -  
s i o n s  f o r  b o t h  q u a n t i t i e s  and t h e i r  s e n s i t i v i t y  
d e r i v a t i v e s  a r e  d e r i v e d  i n  t h i s  p a p e r .  Three o p t i -  
m i z a t i o n  s t r a t e g i e s  a r e  d e v e l o p e d  and t e s t e d .  The 
f i r s t  is based on m i n i m i z i n g  t h e  modal s h a p i n g  pa- 
r a m e t e r  which i n d i r e c t l y  r e d u c e s  t h e  modal s h e a r  
ampl i t u d e s  c o r r e s p o n d i n g  t o  e a c h  harmonic of  a i r -  
l o a d .  The second  s t r a t e g y  r e d u c e s  t h e s e  a m p l i t u d e s  
d i r e c t l y  and t h e  t h i r d  s t r a t e g y  r e d u c e s  t h e  s h e a r  
a s  a f u n c t i o n  o f  time d u r i n g  a r e v o l u t i o n  o l  t h e  
b l a d e .  The f i r s t  s t r a t e g y  works well f o r  r e d u c i n g  
t h e  s h e a r  f o r  one mode r e s p o n d i n g  t o  a s i n g l e  h a r -  
monic of t h e  a i r l o a d  b u t  h a s  been  found i n  some 
c a s e s  t o  be i n e f f e c t i v e  for more than  one mode. 
The second and t h i r d  s t r a t e g i e s  g i v e  s i m i l a r  r e -  
s u l t s  and show e x c e l l e n t  r e d u c t i o n  o f  t h e  s h e a r  
v i t h  a low mass p e n a l t y .  
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INTRODUCTION 
The c u r r e n t  t r e n d  i n  e n g i n e e r i n q  d e s i g n  of  a i r c r a f t  
and s p a c e c r a f t  i s  t o  i n c o r p o r a t e  c r i t i c a l  r e q u i r e -  
ments  from a l l  p e r t i n e n t  d i s c i p l i n e s  a n a l y t i c a l l y  
in  an e a r l y  phase  of t h e  d e s i g n  p r o c e s s  t o  avo id  
t h e  c o s t l y  m o d i f i c a t i o n  of  a p r o t o t y p e  a f t e r  a 
problem h a s  been d e t e c t e d  ( R e f .  1 ) .  I n c o r p o r a t i o n  
o f  v i b r a t i o n  r e q u i r e m e n t s  i n  r o t o r c r a f t  d e s i g n  i s  
one example of t h i s .  In h e l i c o p t e r  r o t o r  b l a d e  and 
f u s e l a g e  d e s i g n ,  t h e  need t o  i n c r e a s e  r i d e  c o m f o r t ,  
s t a b i l i t y ,  and f a t i g u e  l i f e  o f  s t r u c t u r a l  compo- 
n e n t s  l e a d s  t o  s t r i n g e n t  d e s i g n  c o n s t r a i n t s  on 
v i b r a t i o n  l e v e l s  ( R e f s .  2-41. 
V i b r a t i o n  i s  t r a n s m i t t e d  from t h e  b l a d e  t o  t h e  
f u s e l a g e  p r i m a r i l y  t h r o u g h  a t ime-dependen t  s h e a r  
f o r c e  a t  t h e  hub. H i s t o r i c a l l y ,  Crequency place- 
ment h a r  been t h e  p r i n c i p a l  t e c h n i q u e  f o r  r e d u c i n g  
r o t o r  b l a d e  v i b r a t i o n  ( R e f s .  5 and 6 ) .  R e c e n t l y ,  
i t  h a s  been  shown t h a t  m i n i m i z a t i o n  o f  t h e  hub 
s h e a r  can  be a c h i e v e d  t h r o u g h  m i n i m i z a t i o n  of  a 
modal s h a p i n g  p a r a m e t e r  (MSP) ( R e f s .  2 and 3 ) .  An 
a s s o c i a t e d  t e c h n i q u e ,  sometimes r e f e r r e d  t o  a s  
"modal s h a p i n g "  o r  "modal t a i l o r i n g " ,  a l t e r s  t h e  
v i b r a t i o n  mode s h a p e s  of  t h e  b l a d e s  t h r o u g h  mass 
a n d / o r  s t i f f n e s s  m o d i f i c a t i o n  t o  make them less 
r e s p o n s i v e  t o  t h e  a i r l o a d s  ( R e f s .  2 ,  7-9). A 
riumber o f  p a s s i v e  c o n t r o l  t e c h n i q u e s  show p romise  
f o r  o v e r a l l  r e d u c t i o n  of  s t r u c t u r a l  v i b r a t i o n  i n  
r o t o r  b l a d e s .  For example ,  pendulum a b s o r b e r s  
( R e f .  l o ) ,  a c t i v e  i s o l a t i o n  d e v i c e s  (Ref .  1 1 ) .  
a d d i t i o n a l  damping ( R e f s .  4 ,  1 1 - 1 2 ) ,  and v i b r a -  
t i o n  a b s o r b e r s  which c r e a t e  a n t i - r e s o n a n c e s  
( R e f s .  13-14) have been d e m o n s t r a t e d .  P a r t i c u l a r l y  
e f f e c t i v e  is t h e  s t r a t e g i c  p l acemen t  of  t u n i n g  
masses  a l o n g  t h e  b l a d e  span t o  t a i l o r  mode s h a p e s  
( R e f s .  2 - 3 ,  5 ) .  m a t  hae been  l a c k i n g  i n  modal 
s h a p i n g  and f r e q u e n c y  p l acemen t  methods i s  a 
s y s t e m a t i c  approach  f o r  p r e d i c t i n g  t h e  b e s t  l o c a -  
t i o n s  f o r  t h e  t u n i n g  masses  a l o n g  t h e  b l a d e  span .  
The p u r p o s e  o f  t h i s  p a p e r  i r  t o  d e v e l o p  and demon- 
s t r a t e  a method f o r  o p t i m a l l y  l o c a t i n g ,  a s  w e l l  a s  
s i z i n g ,  t u n i n g  masses  t o  r e d u c e  v i b r a t i o n  u s i n g  
fo rma l  m a t h e m a t i c a l  o p t i m i z a t i o n  t e c h n i q u e s .  The 
d e s i g n  g o a l  is t o  f i n d  t h e  b e s t  c o m b i n a t i o n  o f  
t u n i n g  massea and t h e i r  l o c a t i o n s  t o  min imize  b l a d e  
r o o t  v e r t i c a l  s h e a r  w i t h o u t  a l a r g e  mass p e n a l t y .  
I 
The method i s  t o  f o r m u l a t e  and s o l v e  an o p t i m i z a -  
t i o n  problem i n  which t h e  t u n i n g  masses  and t h e i r  
l o c a t i o n s  a r e  d e s i g n  v a r i a b l e s  t h a t  min imize  a com- 
b i n a t i o n  o f  b l a d e  s h e a r  and t h e  added mass w i t h  
c o n s t r a i n t s  on f r e q u e n c i e s  t o  avo id  r e s o n a n c e .  
The o p t i m i z a t i o n  p r o c e d u r e  i n c l u d e s  a f i n i t e -  
element v i b r a t i o n  a n a l y s i s  ( R e f .  1 5 )  o f  a r o t o r  
b l a d e  i n  c o m b i n a t i o n  w i t h  a g e n e r a l - p u r p o s e  o p t i m i -  
z a t i o n  code  ( R e f .  1 6 ) .  An e x p l i c i t ,  a p p r o x i m a t e  
a n a l y s i s  ( R e f .  17)  oE t h e  b l a d e  v i b r a t i o n  b e h a v i o r  b 
is used t o  avo id  t h e  h i g h  c o m p u t a t i o n a l  c o s t  o f  
r e p e a t i n g  t h e  f i n i t e - e l e m e n t  a n a l y s i s  f o r  e v e r y  
b l a d e  m o d i f i c a t i o n .  S e n s i t i v i t y  d e r i v a t i v e s  of  t h e  
s t r u c t u r a l  b e h a v i o r  w i t h  r e s p e c t  t o  t h e  d e s i g n  
v a r i a b l e s  a r e  r e q u i r e d  in  t h e  o p t i m i z a t i o n  p roce -  
d u r e .  The r e s e a r c h  d e s c r i b e d  h e r e i n  i n c l u d e s  de -  
ve lopmen t  of  t h e  f i n i t e - e l e m e n t  f o r m u l a t i o n  o f  t h e  
a n a l y t i c a l  s e n s i t i v i t y  d e r i v a t i v e s  of  t h e  XSP and 
t h e  b l a d e  r o o t  v e r t i c a l  s h e a r .  
Three  a l t e r n a t e  o p t i m i z a t i o n  s t r a t e g i e s  a r e  d e v e l -  
oped and d e m o n s t r a t e d  in  t h e  p a p e r .  The f i r s t  i s  
based  on m i n i m i z i n g  t h e  modal s h a p i n g  p a r a m e t e r ,  
t h u s  r e d u c i n g  a m p l i t u d e s  of  t h e  modal s h e a r  For a 
s i n g l e  mode and s i n g l e  harmonic o f  t h e  a i r l o a d i n g .  
The second  s t r a t e g y  d i r e c t l y  r e d u c e s  t h e  s h e a r  am- 
p l i t u d e s  c o r r e s p o n d i n g  t o  s e v e r a l  ha rmon ics  f o r  
s e v e r a l  modes, and t h e  t h i r d  s t r a t e g y  r e d u c e s  t h e  
t o t a l  s h e a r  a s  a f u n c t i o n  o f  time d u r i n g  a r e v o l u -  
t i o n  o f  t h e  b l a d e .  R e s u l t s  a r e  shown i n  which t h e  
above s t r a t e g i e s  a r e  a p p l i e d  t o  a r o t o r  b l a d e  de -  
s i g n  c o n s i d e r i n g  s i n g l e  m o d e l s i n g l e  harmonic a i r -  
l o a d ,  a s  well a s  m u l t i p l e  m o d e / m u l t i p l e  ha rmon ic  
a i r l o a d  c a s e s .  
ROTOR BLADE DYNAMIC ANALYSIS CONSIDERATIONS 
C a l c u l a t i o n  of  t h e  n a t u r a l  v i b r a t i o n  mode s h a p e s  
and f r e q u e n c i e s ,  and t h e  s t e a d y - s t a t e  harmonic 
r e s p o n s e  a r e  t h e  fundamen ta l  a n a l y s i s  s t e p s  i n  t h e  
o p t i m i z a t i o n  p r o c e d u r e  t o  be d e s c r i b e d .  The pur-  
pose  o f  t h i s  s e c t i o n  of? t h e  p a p e r  is t o  o u t l i n e  t h e  
a n a l y t i c a l  b a s i s  and mode l ing  c o n v e n t i o n s  f o r  t h e  
c a l c u l a t i o n s .  
The r o t o r  b l a d e  i s  modeled a s  a p i n n e d - f r e e  beam 
u n d e r g o i n g  l a t e r a l  v i b r a t i o n  normal  t o  t h e  p l a n e  o f  
t h e  r o t o r  d i s k .  T h i s  " f l a p w i s e "  mot ion  i s  i n  gen-  
e r a l  accompanied by i n - p l a n e  ( e d g e w i s e )  mot ion  a s  
w e l l  a s  t o r s i o n ,  b u t  t h e s e  a r e  n o t  i n c l u d e d  i n  t h i s  
work. The beam is assumed t o  r o t a t e  a t  a c o n s t a n t  
speed  ( t h e  r o t o r  s p e e d )  abou t  an a x i s  which p a s s e s  
t h r o u g h  t h e  p inned  end o f  t h e  beam and is normal  t o  
t h e  r o t o r  d i s k .  The e f f e c t s  o f  b l a d e  r o t a t i o n  a r e  
i n c l u d e d  t h r o u g h  t h e  c e n t r i f u g a l  s t i f f n e s s  t e r m s  
and d i f f e r e n t i a l  s t i f f n e s s  t e r m s  i n  t h e  e q u a t i o n  of  
mot ion  ( s e e  a p p e n d i x ) .  An a d d i t i o n a l  t e rm due  t o  
t h e  C o r i o l i s  a c c e l e r a t i o n  g e n e r a l l y  o c c u r r i n g  i n  
t h e  e q u a t i o n s  o f  mot ion  o f  r o t a t i n g  s t r u c t u r e s  is 
n o t  n e c e s s a r y  i n  t h e  model used h e r e i n .  A l s o ,  
damping i o  n e g l e c t e d  i n  t h e  c a l c u l a t i o n  of  f r e q u e n -  
c i e s  and mode s h a p e s  and a l t h o u g h  i t  is o f t e n  in-  
c l u d e d  i n  r e s p o n s e  c a l c u l a t i o n s  a s  modal damping,  
damping i s  n e g l e c t e d  i n  a l l  c a l c u l a t i o n s  h e r e i n .  
Based on t h e  p r e c e d i n g ,  t h e  g o v e r n i n g  e q u a t i o n  f o r  
t h e  f i n i t e - e l e m e n t  modeled r o t o r  b l a d e  is 
? d i + K X = F  
2 
ORIGINAX PAGE rs 
OE PQQR QUALITY 
where U i a  t h e  mass m a t r i x  
K i a 8  t h e  s t i f f n e s s  m a t r i x  
F iii t h e  a p p l i e d  f o r c e  v e c t o r  
S o l u t i o n  of t h e  g o v e r n i n g  e q u a t i o n  i s  d e s c r i b e d  i n  
more d e t a i l  i n  t h e  a p p e n d i x ,  a l o n g  w i t h  a d i s c u s -  
s i o n  of  ho,u t h e  c e n t r i f u g a l  e f f e c t s  a r e  i n c l u d e d .  
The t ime-dependent  f o r c e s  a c t i n g  on t h e  r o t o r  b l a d e  
a r e  a s s o c i a t e d  w i t h  t h e  l i f t  and d r a g  f o r c e s  g e n e r -  
a t e d  by t h e  a i r  f low p a s s i n g  t h r o u g h  t h e  r o t o r  
d i s k .  These  l o a d s  a r e  s p a t i a l l y  d i s t r i b u t e d  a l o n g  
t h e  b l a d e  and v a r y  w i t h  time s i n u s o i d a l l y  a t  
F r e q u e n c i e s  which a r e  i n t e g e r  m u l t i p l e s  ( h a r m o n i c s )  
o f  t h e  rotor speed .  I t  is c u s t o m a r y  in  r o t o r c r a f t  
dynamics  to u s e  t h e  n o t a t i o n  N/rev or N p e r  r e v  
when r e f e r r i n g  t o  f r e q u e n c i e s  or l o a d i n g  a t  N times 
t h e  r o t o r  s p e e d .  In r o t o r  b l a d e  dynamic r e s p o n s e ,  
i t  is g e n e r s l l y  assumed t h a t  t h e  l o a d s  a r e  s p e c i -  
f i e d  in  t e r m s  o f  d i s t r i b u t i o n s  and p h a s e s  f o r  a l l  
a p p r o p r i a t e  h a r m o n i c s .  For an N-bladed r o t o r ,  t h e  
most  c r i t i c a l  f r e q u e n c i e s  o f  load  and r e s p o n s e  a r e  
NI4 and ( V I  t 1)n. Thus t h e  moat i m p o r t a n t  harmonics  
a r e  N and N f I .  
In  t h e  work d e s c r i b e d  i n  t h i s  p a p e r ,  t h e  b l a d e  
f l a p w i s e  r e s p o n s e  is c a l c u l a t e d  by modal s u p e r -  
p o s i t i o n .  An o u t l i n e  o f  t h e  d e r i v a t i o n  i s  g i v e n  i n  
t h e  a p p e n d i x ,  m a i n l y  f o r  t h e  p u r p o s e  of  e s t a b l i s h -  
i n g  t h e  t e r m i n o l o g y ,  b u t  a l s o  f o r  c o m p l e t e n e s s .  
The f l a p v i s e  modes which have  t h e  l a r g e s t  c o n t r i b u -  
t i o n  t o  v e r t i c a l  s h e a r  t r a n s m i t t e d  from t h e  b l a d e  
t o  t h e  f u s e l a g e  a r e  t h e  f i r s t  and second e l a s t i c  
modes. T h e r e f o r e  t h e s e  t w o  modes a r e  i n c l u d e d  i n  
t h e  example problems d e s c r i b e d  in  s u b s e q u e n t  s e c -  
t i o n s  of t h e  p a p e r .  
DCRIVATION OF PERFORMANCE PARAMETERS AND 
THEIR SENSITIVITY DERIVATIVES 
- 
The d e g r e e  t o  which t h e  d e s i g n  i s  o p t i m i z e d  i s  
measured  by two p e r f o r m a n c e  p a r a m e t e r s :  t h e  modal 
s h a p i n g  p a r a m e t e r  (MSP) and t h e  a m p l i t u d e  o f  t h e  
h l a d e  r o o t  v e r t i c a l  s h e a r  S. This s e c t i o n  o f  t h e  
p a p e r  c o n t a i n s  d e r i v a t i o n s  o f  t h e s e  p e r f o r m a n c e  
p a r a m e t e r s  and t h e i r  s e n s i t i v i t y  d e r i v a t i v e s .  The 
r o l e s  t h e y  p l a y  i n  t h e  o p t i m i z a t i o n  w i l l  be  d i s -  
c u s s e d  in  a s u b s e q u e n t  s e c t i o n  o f  t h e  p a p e r .  
D e r i v a t i o n  o f  YSP and S h e a r  
R e f e r e n c e  2 d e r i v e s  an e x p r e s s i o n  f o r  t h e  v e r t i c a l  
s h e a r  c o n t r i b u t i o n ,  s i k ,  from t h e  i t h  f l a p v i s e  mode 
:Iue t o  t h e  k t h  harmonic  of  t h e  a i r l o a d  for  a d i s -  
t r i b u t e d  p a r a m e t e r  model of  a r o t o r  b l a d e .  T h i s  
p a p e r  d e v e l o p s  i t s  f i n i t e - e l e m e n t  c o u n t e r p a r t .  
Readers  who a r e  n o t  f a m i l i a r  w i t h  R e f e r e n c e  2 may 
Find t h e  a p p e n d i x  h e l p f u l .  
From E,quat ion ( 1 1 )  o f  ReCerence 2 ,  the  e x p r e s s i o n  
f o r  9i.k is 
!i ik  = q i k  u: I m e i  d x  ( 1 )  
where q i k  i s  t h e  s t e a d y  s t a t e  modal r e s p o n s e  
( d e r i v e d  i n  a p p e n d i x )  
o i  i s  t h e  
+i is t h e  
and m is t h e  
For a d i s c r e t e  f f  
t h e  a n a l o g o u s  exp 
i t h  n a t u r a l  f r e q u e n c y  
i t h  e i g e n v e c t o r  
mass p e r  u n i t  l e n g t h  
n i t e - e l e m e n t  modeled)  s t r u c t u r e ,  
e s s i o n  is 
where  [ M ]  i s  t h e  d i a g o n a l  mass m a t r i x  and [U) is a 
s e l e c t i o n  v e c t o r  t h a t  e x t r a c t s  t h e  a p p r o p r i a t e  com- 
p o n e n t s  from t h e  e i g e n v e c t o r .  For  example ,  f o r  
modal s h a p i n g  o f  t h e  f l a p w i s e  modes, (U} c o n t a i n s  
1.0 i n  t h e  rows c o r r e s p o n d i n g  to  t h e  f l a p  d e g r e e  o f  
f reedom and 0.0 e l s e w h e r e .  Using E q u a t i o n  (218) 
he time d e p e n d e n c e  o f  q i k  from t h e  a p p e n d i x  f o r  
and l e t t i n g  
g i v e s  
s ik  = Sik s i n ( k Q t  4. Y i k )  
n is t h e  a n g u l a r  v e l o c i t y  o f  t h e  r o t o r  
b l a d e  
( 3 )  
t is time 
and  ~ i k  r e p r e s e n t s  a p h a s e  d i f f e r e n c e  between t h e  
components  o f  t h e  r e s p o n s e .  This p h a s e  a n g l e  ac- 
c o u n t s  f o r  t h e  l a g  be tween t h e  modes, as vel1 a s  
t h e  harmonics  o f  t h e  f o r c e .  For c a s e s  i n  which 
t h e r e  is no damping,  Yik r e d u c e s  to  Ok which is t h e  
phase  a n g l e  f o r  t h e  k t h  harmonic  ( s e e  a p p e n d i x  €or 
more d e t a i l s  o f  y i k ) .  
The t ime v a r i a t i o n  of  t h e  t o t a l  shear results €rom 
summing o v e r  t h e  modes and h a r m o n i c s  
S u b s t i t u t i n g  E q u a t i o n  (.49) from t h e  a p p e n d i x  €or 
iqikI  and E q u a t i o n s  ( 3 )  and (5) 
( 7 )  
I .  
where €or t h e  c a s e  o f  no damping ( 5  = 0 )  t h e  
dynamic a m p l i f i c a t i o n  F a c t o r  DAFik is 
. 
3 
( w  / kQ)2 
DAFik - [ (wi/k")  2 - I ]  
E. i s  t h e  g e n e r a l i z e d  mass 
F .  i s  t h e  g e n e r a l i z e d  f o r c e ,  ( E q u a t i o n  (A10))  
v r i t t e n  a s  II! 
j = I , Z , . . . , N D V  1 1 3 )  
v h e r e  NDV is t h e  number of d e s i g n  v a r i a b l e s .  In 
E q u a t i o n  ( 1 3 )  ( a $ i / a v j }  is t h e  d e r i v a t i v e  of t h e  
i t h  e i g e n v e c t o r  w i t h  r e s p e c t  t o  t h e  j t h  d e s i g n  
v a r i a b l e  which is c a l c u l a t e d  a n a l y t  i c a l l y  by 
N e l s o n ' s  method ( R e f .  18)  and [ a M / & j ]  is t h e  
d e r i v a t i v e  of  t h e  mass m a t r i x  which is c a l c u l a t e d  
by f i n i t e  d i f f e r e n c e s .  For t h e  d e s i g n  v a r i a b l e s  
used ( m a s s e s  and l o c a t i o n s )  t h e  f i n i t e  d i f f e r e n c e  
d e r i v s t i v e s  a r e  e x a c t .  
D e r i v a t i v e  of  s i k  - Using E q u a t i o n s  ( 1 0 )  and (12) 
we can  w r i t e  t h e  a m p l i t u d e  of t h e  s h e a r  a s  
Ak i s  t h e  a m p l i t u d e  of  t h e  f o r c e  and ( F k )  is t h e  
f o r c e  d i s t r i b u t i o n  fo r .  t h e  k t h  ha rmon ic .  Using 
E q u a t i o n s  ( 7 ) - ( 9 )  and r e a r r a n g i n g  t e rms  l e a d s  t o  
t h e  e x p r e s s  ion  
The t o t a l  c o n t r i b u t i o n  from a l l  t h e  modes t o  t h e  
k t h  harmonic of  s h e a r  i s  
( 1 4 )  Sik = MSPik DAFik Ak 
and t h e n  t h e  d e r i v a t i v e  is 
Following T a v l o r  (Ref .  2 ) .  t h e  f i r s t  term of €qua- 
asik ansp ik  
aV 
j j 
av  -I-. DAFik 4, 
s i d e n t i f i e d  a s  t h e  modal s h a p i n g  
MSP). Thus 
t i o n  (10)  
p a r a m e t e r  
( 1 2 )  
aDAF ik  
Ak + MSPik -av 
j 
( 1 5 )  MSP - 
M .  
ansp  ik 
where -is t a k e n  from E q u a t i o n  ( 1 3 )  and t h e  av E q u a t i o n  ( 
mode s h a p e  
2 )  s h o v s  t h a t  an MSP e x i s t s  for  e a c h  
and l o a d  c a s e  ( h a r m o n i c ) .  S i n c e  t h e  MSP J d e r i v a t i v e  of t h e  dynamic a m p l i f i c a t i o n  f a c t o r  
(DAF) of E q u a t i o n  ( 8 )  i s  i s  a f u n c t i o n  of  t h e  mode s h a p e ,  i t  is p o s s i b l e  t o  
r e d u c e  i t s  v a l u e  by t a i l o r i n g  t h e  mode shape .  For 
example ,  i f  t h e  mode s h a p e  is made o r t h o g o n a l  t o  
t h e  f o r c e  d i s t r i b u t i o n ,  t h e n  t h e  v a l u e  of t h e  MSP 
is z e r o .  As s e e n  from E q u a t i o n  ( l o ) ,  S i k  c a n  be 
r educed  by r e d u c i n g  MSPik v h i l e  l i m i t i n g  t h e  s i z e  
o f  DAFik. 
p l a c i n g  c o n s t r a i n t s  on t h e  n a t u r a l  f r e q u e n c i e s  a s  
s u g g e s t e d  in  R e f e r e n c e  5 .  E q u a t i o n s  ( 6 ) .  (LO), 
( 1 1 ) '  and ( 1 2 )  a r e  t h e  b a s i s  f o r  t h e  o p t i m i z a t i o n  
s t r a t e g i e s  v h i c h  v i l l  b e  d i s c u s s e d  i n  a l a t e r  
s e c t i o n  of t h e  p a p e r .  
The s i z e  of  DAFik is c o n t r o l l e d  by 
2 
I n  E q u a t i o n  ( 1 6 )  w i  is t h e  i t h  e i g e n v a l u e .  
d e r i v a t i v e  --1 c a n  be c a l c u l a t e d  a n a l y t i c a l l y  w i t h  
t h e  f o l l o w i n g  e q u a t i o n  ( R e f .  1 9 ) :  
The 
2 aw . 
j 
av 
D e r i v a t i o n  of S e n s i t i v i t y  D e r i v a t i v e s  of 
Pe r fo rmance  P a r a m e t e r s  
( 1 7 )  
D e r i v a t i v e  of MSPik - Beginn ing  v i t h  E q u a t i o n  ( 1 2 )  
t h e  d e r i v a t i v e  o f  t h e  MSP can  be c a l c u l a t e d  a s :  ". 
where p, t h e  d e r i v a t i v e  of t h e  s t i f f n e s s  m a t r i x  
v i t h  r e s p e c t  t o  t h e  j t h  d e s i g n  v a r i a b l e ,  is c a l -  
c u l a t e d  by f i n i t e  d i f f e r e n c e s .  
E q u a t i o n s  ( 1 3 )  and ( 1 5 )  a r e  t h e  e x p r e s s i o n s  for t h e  
d e r i v a t i v e s  o f  t h e  p e r f o r m a n c e  p a r a m e t e r s  v h i c h  a r e  
J 
4 
* 
used  i n  t h e  s e n s i t i v i t y  c a l c u l a t i o n s  f o r  t h e  t h r e e  
d i f f e r e n t  # o p t i m i z a t i o n  s t r a t e g i e s .  
OPTIMIZATION P O W L A T I O N  
Design Carl 
The d e s i g n  g o a l  i a  t o  f i n d  t h e  optimum combina- 
t i o n  o f  t u n i n g  masees  M,, and t h e i r  l o c a t i o n s  X n  
( F i g .  I )  to minimize  b l a d e  root  v e r t i c a l  s h e a r  
w h i l e  a v o i d i n g  a n  e x c e s s i v e  mass p e n a l t y .  The 
method is t o  f o r m u l a t e  and s o l v e  an o p t i m i z a t i o n  
problem i n  which t h e  t u n i n g  masses  and l o c a t i o n s  
a r c  d e s i g n  v a r i a b l e s  t h a t  m i n i m i z e  t h e  o b j e c t i v e  
f u n c t i o n  which is a c o m b i n a t i o n  o f  a measure  of 
v e r t i c a l  s h e a r  and t h e  added mass.  A d d i t i o n a l l y ,  
c o n s t r a i n t s  are  p l a c e d  on t h e  f r e q u e n c i e s  t o  a v o i d  
r e s o n a n c e .  I t  is n o t e d  t h a t  b e c a u s e  t h i s  o p t i m i -  
z a t i o n  f o r m u l a t i o n  i n v o f v e s  mass a s  t h e  o b j e c t i v e  
f u n c t i o n  and f r e q u e n c i e s  and harmonic  r e s p o n s e  a s  
c o n s t r a i n t s ,  i t  f a l l s  i n t o  t h e  g e n e r a l  c a t e g o r y  o f  
o p t i m i z a t i o n  problems d i s c u s s e d  i n  R e f e r e n c e  20. 
I n  t h a t  r e f e r e n c e ,  t h e  c o m p l i c a t i o n  o f  a d i s j o i n t  
d e s i g n  s p a c e  was i d e n t i f i e d  a s  o c c u r r i n g  - t h e  d i s -  
j o i n t e d n e s s  b e i n g  a s s o c i a t e d  w i t h  n o n c o n t i g u o u s  
r e g i o n s  o f  t h e  d e s i g n  s p a c e  on e i t h e r  s i d e  of  r e s -  
onance  p o i n t s .  I t  t u r n s  o u t  t h a t  i n  t h e  c u r r e n t  
f o r m u l a t i o n ,  t h e  d i s j o i n t  d e s i g n  s p a c e  problem was 
a v o i d e d  b e c a u s e  i n  r o t o r  b l a d e s ,  f r e q u e n c y  c h a n g e s  
d u e  t o  v a r y i n g  t u n i n g  m a s s e s  tend  t o  be s m a l l .  
A l s o ,  even  when t h e  d i s j o i n t  problem o c c u r s  i t  may 
b e  d e a l t  w i t h  by  g e n e r a t i n g  s e v e r a l  d e s i g n s  from 
d i f f e r e n t  s t a r t i n g  p o i n t s  - a t e c h n i q u e  which is 
g e n e r a l l y  used vhen t h e  p r e s e n c e  o f  m u l t i p l e  l o c a l  
minima i s  s u s p e c t e d .  
T h r e e  o p t i m i z a t i o n  s t r a t e g i e s  w i l l  be  d e s c r i b e d  i n  
t h i s  s e c t i o n  o f  t h e  p a p e r .  In e a c h  method,  a d d i -  
t i o n a l  d e s i g n  v a r i a b l e s  ( 6 )  a r e  used .  They f a c i l i -  
t a t e  t h e  t r a d e  o f f  b e t v e e n  d e s i r e d  p e r f o r m a n c e  and 
e x c e s s ' t v e  maas p e n a l t y .  A g e n e r a l - p u r p o s e  con- 
s t r a i n i r d  o p t i m i z a t i o n  program,  COh'MIN ( R e f .  16),  is 
used .  COWIN r e q u i r e s  d e r i v a t i v e s  of  t h e  o b j e c t i v e  
f u n c t i o n  and c o n s t r a i n t s .  A l l  d e r i v a t i v e s  a r e  ob- 
t a i n e d  a n a l y t i c a l l y  as w i l l  be  shown i n  t h i s  
s e c t  i o n .  
S t ra t 
The o t l j e c t i v e  F u n c t i o n  is 
(18)  
vhrr r?  i is an e l e m e n t  of  t h e  s e t  of  i n c l u d e d  modes 
f 1 )  and k is  an e l e m e n t  o f  t h e  s e t  of  i n c l u d e d  h a r -  
monics o f  a i r l o a d  (K), Y, a r e  t h e  t u n i n g  m a s s e s ,  
ond @tik a r c  t h e  a d d i t i o n a l  d e s i g n  v a r i a b l e s  v h i c h  
also a p p e a r  i n  t h e  c o n s t r a i n t s  d e f i n e d  be low:  
nr  i n  s t a n d a r d  d i m e n s i o n l e s s  form: 
g t4SPik/eik - 1 < 0 (20) 
These  c o n s t r a i n t s  e x p r e s s  t h e  r e q u i r e m e n t  t h a t  t h e  
HSPik be  less t h a n  B i b .  
€or g 0 t h e  c o n s t r a i n t  is s a t i s f i e d  and v i o l a t e d  
o t h e r w i s e .  
s t r a i n t s  e a s y  t o  s a t i s f y ,  b u t  c a u s e  a l a r g e  o b j e c -  
t i v e  f u n c t i o n .  C o n v e r s e l y ,  s m a l l  v a l u e s  of  6 i k  
r e s u l t  i n  a s m a l l  o b j e c t i v e  f u n c t i o n ,  b u t  make t h e  
c o n s t r a i n t s  more d i f t i c u l t  t o  s a t i s f y .  The o p t i -  
m i z e r ,  t h e r e f o r e ,  w i l l  t end  toward d e s i g n s  w i t h  t h e  
lowest p o s s i b l e  v a l u e s  o f  6 i k  and t h e r e f o r e  low 
v a l u e s  o f  MSPik. 
u p p e r  and lower bounds on t h e  f r e q u e n c i e s  t o  a v o i d  
r e s o n a n c e  
The c o n v e n t i o n  is t h a t  
Large  v a l u e s  o f  6 i k  make t h e  con- 
A d d i t i o n a l  c o n s t r a i n t s  i n c l u d e  
o r  
2 '  
I u i  g = w . f w '  - 1 < 0 
and 
2 '  
I l i  g = 1 - w . / w -  < 0 
( 1 2 )  
The r e q u i r e d  d e r i v a t i v e s  o f  t h e  o b j e c t i v e  f u n c t i o n  
and c o n s t r a i n t s  a r e  o b t a i n e d  by d i f f e r e n t i a t i n g  
E q u a t i o n s  ( l e ) ,  ( 2 0 ) ,  and ( 2 2 ) .  The d e r i v a t i v e  o f  
t h e  o b j e c t i v e  f u n c t i o n  is 
(23) 
Using t h e  d i m e n s i o n l e s s  form o f  t h e  c o n s t r a i n t  
f u n c t i o n  (Eq. ( 2 0 1 1 ,  t h e  d e r i v a t i v e s  o f  t h e  
c o n s t r a i n t s  a r e  e x p r e s s e d  a s  
v h e r e  E q u a t i o n  (13) i s  used for c a l c u l a t i n g  t h e  
d e r i v a t i v e  o f  %Pik. 
q u e n c i e s  also need t o  be d i f f e r e n t i a t e d .  T a k i n g  
t h e  d e r i v a t i v e  of  E q u a t i o n  ( 2 2 )  g i v e s  
The c o n s t r a i n t s  on t h e  € r e -  
E q u a t i o n  ( 1 7 )  is used f o r  c a l c u l a t i n g  t h e  
2 
e i g e n v a l u e  d e r i v a t i v e ,  2 
a w  . 
av 
j 
5 
S t r a t e g y  I1 and t h e  c o n s t r a i n t s  a r e  
In t h i s  s t r a t e g y  t h e  c o n s t r a i n t s  a r e  p l a c e d  on t h e  
harmonic  a m p l i t u d e s ,  sk ( s e e  Eq. ( 1 1 ) ) .  The 
o b j e c t  i v e  Eunc t i o n  is 
Nluss 
= (  ' E 'k) "n ( 2 6 )  
The a d d i t i o n a l  d e s i g n  v a r i a b l e s  6k p l a y  a r o l e  
s i m i l a r  t o  6 i k  i n  t h e  f i r s t  s t r a t e g y .  
c o n s t r a i n t s  a r e  w r i t t e n  a s  
Here t h e  
k C K  ( 2 7 )  'k < 'k 
o r  
T h i s  
c o n s  
( 2 2 )  
Simi  
t i v e  
s t r a t e g y  3 1 9 0  employs upper  and l o v e r  bound 
r a i n t s  on t h e  f r e q u e n c i e s  (Eqs .  ( 2 1 )  and 
a r  t o  s t r a t e g y  I ,  t h e  d e r i v a t i v e  o f  t h e  o b j e c -  
f u n c t i o n  is o h t a i n e d  by d i f f e r e n t i a t i n g  
E q u a t i o n  ( 2 6 ) .  
f o  v j  * xn 
or 
which r e q u i r e  t h a t  t h e  v a l u e s  o f  t h e  s h e a r  a t  e a c h  
time tm be  l e s s  t h a n  t h e  v a l u e  oE 6; and a g a i n  6 i s  
minimized  b e c a u s e  of  i t s  r o l e  i n  t h e  o b j e c t i v e  
F u n c t i o n .  As shown i n  E q u a t i o n  ( 6 ) ,  s ( t , )  is t h e  
s h e a r  a t  time tm where t, r e p r e s e n t s  8 time a t  
which a peak o c c u r s  i n  s ( t ) .  
The peak  v a l u e s  a r e  i d e n t i f i e d  a s  f o l l o w s :  X v a l u e  
o f  NTIHE is s p e c i t i e d  c o r r e s p o n d i n g  t o  t h e  maximum 
number o f  p e a k s  i n  t h e  f u n c t i o n  s ( t )  d u r i n g  a revo-  
l u t i o n  o f  t h e  b l a d e .  The peak v a l u e s  a r e  i d e n t i -  
f i e d  by examining  t h e  s h e a r  a s  a f u n c t i o n  o f  t i n e  
( R e f .  2 1 ) .  The c o n s t r a i n t s  a r e  p l a c e d  on t h e s e  
NTIYE v a l u e s  oE s h e a r  t o  Force t h e  peaks  t o  h e  as 
s m a l l  a s  p o s s i b l e .  T h i s  p r o c e d u r e  d o e s  n o t  r e q u i r e  
t h a t  t h e  l o c a t i o n s  oE t h e  peaks  be  c o n s t a n t  
t h r o u g h o u t  t h e  o p t i m i z a t i o n  p r o c e s s  s i n c e  t h e  
s e a r c h  f o r  t h e  peaks  o c c u r s  e a c h  t ime t h e  ans'.!sis 
is per formed f o r  a new s e t  of  d e s i g n  v a r i a b l ? s .  
A d d i t i o n a l  c o n s t r a i n t s  a r e  a g a i n  p l a c e d  on t h e  
u p p e r  and lower  v a l u e s  o f  t h e  f r e q u e n c i e s  
(Eqs. ( 2 1 )  and (22)). Aqain t h e  o b j e c t i v e  f u n c t i o n  
f o r  s t r a t e g y  111 y i e l d s  3 s i m i l a r  d e r i v a t i v e  a s  i n  
t h e  t w o  p r e v i o u s  c a s e s  
D i t f e r e n t i a t i n g  E q u a t i o n  (28) g i v e s  t h e  d e r i v a t i v e s  
o f  the c o n s t r a i n t s  
( 2 9 )  
(30) 
v j  = Xn or Y, 
is g i v e n  in  Equa- ask aSik a S i k  a V .  I: a v . 9  and - 
j 
av  where  -
I l l  
t i o n  ( 1 5 ) .  E q u a t i o n s  ( 2 5 )  and ( 1 7 )  g i v e  t h e  
4 r r i v a t i v e s  of t h e  f r e q u e n c y  c o n s t r a i n t s .  
! ; t r n t e g y  111 
!n t h i s  f o r m u l a t i o n ,  t h e  s h e a r  a s  3 f u n c t i o n  of  
t ime is minimized by c o n s t r a i n i n g  a l l  t h e  peak 
v a l u e s  which o c c u r  d u r i n g  a r e v o l u t i o n  o f  t h e  
h l a d e .  These a r e  c a l l e d  c r i t i c a l  p o i n t  c o n s t r a i n t s  
( R e f .  2 1 ) .  The o b j e c t i v e  f u n c t i o n  is 
- 
" A s s  
n i l  
E = [ I  + 61 1 M n  ( 3 1 )  
D i f f e r e n t i a t i n g  E q u a t i o n  ( 3 3 )  w i t h  r e s p e c t  t o  t h e  
d e s i g n  v a r i a b l e s  g i v e s *  
v j  = B 
where  s ( t , )  is o b t a i n e d  from E q u a t i o n  ( 6 )  and 
m = l , ? , . . , , X T I Y E .  The d e r i v a t i v e  oE t h e  s h e a r  
as( t m )  
j 
av  a t  t ime :m i s  
is g i v e n  by as i k  where t h e  d e r i v a t i v e  -
j 
E q u a t i o n  ( 1  5 1 .  av 
( 3 6 )  
~~ 
*The c r i t i c a l  p o i n t  t, i s  also a f u n c t i o n  O F  t h e  
d e s i g n  v a r i a b l e s :  however ,  as  p o i n t e d  o u t  i n  
R e f e r e n c e  2 1  t h i s  h a s  no e E f e c t  on t h e  d e r i v a t i v e  
i n  E q u a t i o n  ( 3 5 ) .  
. 
. 
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KS-Func t i o n  
. 
f 
4 
I t  can  be  s e e n  from t h e  o p t i m i z a t i o n  f o r m u l a t i o n s  
t h a t  a s  vc b e g i n  to c o n s i d e r  t h e  c o n t r i b u t i o n s  o f  
l a r g e r  nuniberr o f  mod80 and l o a d  c a s e s  t o  t h e  
s h e a r ,  or as t h e  number o f  c r i t i c a l  p o i n t s  i n  
s t r a t e g y  :[I1 i n c r e a r e r ,  t h e  number o f  c o n s t r a i n t s  
vi11 become l a r g e .  T h i r  c a n  c a u s e  s l o v e r  c o n v e r -  
g e n c e  of t h e  o p t i m i z a t i o n  p r o c e r r .  An e n v e l o p e  
c o n s t r a i n t  f u n c t i o n ,  d e n o t e d  t h e  K r e i s s e l m e i e r -  
S t e i n h a u r c r  (KS) f u n c t i o n  (Xef .  2 2 ) ,  is used t o  
s u b a t i t u t c  a s i n g l e  c o n s t r a i n t  f u n c t i o n  f o r  a l a r g e  
number of c o n s t r a i n t s .  The KS-funct ion  i s  d e f i n e d  
J S  
( 3 7 )  
c l o s e r  t o  
T y p i c a 1 1 1' 
i n c r e a s e d  
The opt i rn  
f u n c t i o n .  
g i v e s  
where t h e  g i  a r e  t h e  a c t u a l  c o n s t r a i n t s ,  NCON is 
t h e  number o f  c o n s t r a i n t s ,  and p c o n t r o l s  t h e  d i s -  
t a n c e  between t h e  KS-funct ion  and t h e  a c t u a l  con- 
s t r a i n t  boundary  ( F i g .  2 ) .  For s m a l l  v a l u e s  o f  0, 
t h e  KS-funct ion  is v e r y  smooth and a l s o  a v e r y  
c o n s e r v a t . i v e  e s t  i m a t e  o f  t h e  c o n s t r a i n t  v i o l a -  
t i o n s .  hs p i n c r e a s e s ,  t h e  KS-funct ion  moves 
t h e  d i s c o n t i n u o u s  f u n c t i o n ,  max ( p i ) .  
t h e  i n i t i a l  v a l u e  o f  p is s m a l l  and i s  
a s  c o n v e r g e n c e  is approached .  
zer r e q u i r e s  t h e  d e r i v a t i v e  o f  t h e  KS- 
Taking  t h e  d e r i v a t i v e  o f  E q u a t i o n  ( 3 7 )  
NCON pgi  a g i  
-. aKS i-1 j 
l e  j 
av 
l e  - av 
( 3 8 )  
NCON pgi 
i -1  
a8 i 
where -- a r e  d e r i v a t i v e s  o f  t h e  c o n s t r a i n t s .  
j 
av 
OPTIMIZATION PROCEDURE 
The s e q u e n c e  o f  o p e r a t i o n s  i n  t h e  o p t i m i z a t i o n  
p r o c e d u r e  is i l l u s t r a t e d  i n  F i g u r e  3 .  The o v e r a l l  
p r o c e d u r e  c o n s i s t s  of t w o  n e s t e d  l o o p s .  Each p a s s  
t h r o u g h  t h e  o u t e r  l o o p  i s  r e f e r r e d  t o  a s  a c y c l e  
which i r ivo lves  a f u l l  a n a l y s i s  and a s e n s i t i v i t y  
c a l c u l a t i o n .  The f i r s t  s t e p  is t o  g e n e r a t e  t h e  
f i n i t e - e l e m e n t  s t r u c t u r a l  model o f  t h e  heam, ex- 
c l u d i n g  t h e  v a l u e s  o f  t u n i n g  masses .  The d e s i g n  
v a r i a b l e s  ( m a s s e s  and l o c a t i o n s )  a r e  used t o  a l l o -  
c a t e  t h e  masses  to  t h e  a p p r o p r i a t e  g r i d  p o i n t s  o f  
t h e  modal .  S p e c i f i c a l l y ,  t h e  masses  '-I,, a r e  d i v i d e d  
b r t w e e n  t h e  tvo g r i d  p o i n t s  a d j a c e n t  t o  each  X, by 
p r o r a t i n g  a c c o r d i n g  to  t h e  d i s t a n c e  Erom e a c h .  
Next ,  t h e  masses  a r e  i n s e r t e d  i n t o  t h e  model ,  t h e  
v i b r a t i o n  a n a l y s i s  is p e r f o r m e d ,  and t h e  HSPik and 
s h e a r  a m p l i t u d e s  S i k  a r e  c a l c u l a t e d  For NMODE 
number o f  modes r e s p o n d i n g  t o  " A R M  number o f  
trarmon i c s .  The g e n s  i t  i v i  t y  a n a l y s i s  i n c l u d e s  
c a l c u l a t i n g  t h e  v i b r a t i o n  mode s h a p e  d e r i v a t i v e s  by 
N e l s o n ' s  method and t h e n  c a l c u l a t i n g  t h e  d e r i v a -  
t i v e s  o f  t h e  o b j e c t i v e  f u n c t i o n  and c o n s t r a i n t s  
u s i n g  E q u a t i o n s  ( 2 3 ) - ( 2 5 )  for s t r a t e g y  I ,  E q u a t i o n s  
( 2 5 )  and ( 2 9 1 4 3 0 )  f o r  s t r a t e g y  11, and E q u a t i o n s  
( 2 5 )  an8d ( 3 4 ) - ( 3 6 )  f o r  s t r a t e g y  111. The i n n e r  
l o o p  c o n s i s t s  o f  t h e  o p t i m i z a t i o n  program, C D N H I N  
(Ref .  16) and an a p p r o x i m a t e  a n a l y s i s  f o r  c a l c u l a t -  
i n g  t h e  o b j e c t i v e  f u n c t i o n  and t h e  c o n s t r a i n t s  ( s e e  
Ref. 1 7 ) .  The a p p r o x i m a t e  e q u a t i o n s  a r e  
NDV 
j = l  j 
g a g 0 +  1 Av. , 
( 3 9 )  
These  e q u a t i o n s  g i v e  t h e  change  i n  t h e  o b j e c t i v e  
f u n c t i o n  from Eo t o  f and t h e  change  i n  a con-  
s t r a i n t  from go t o  g c o r r e s p o n d i n g  t o  a change  in 
d e s i g n  v a r i a b l e  Avj. 
a p p r o x i m a t i o n  i n  E q u a t i o n s  ( 3 9 )  and ( 4 0 )  a r e  v a l i d ,  
t h e  s i z e  o f  Avj is l i m i t e d  t o  10 p e r c e n t  oE v 
Use of  t h e s e  a p p r o x i m a t i o n s  s a v e s  c o m p u t a t i o n a l  
time and e f fo r t  i n  t h e  i n n e r  l o o p  where many e v a l -  
u a t i o n s  o f  t h e  o b j e c t i v e  f u n c t i o n  and c o n s t r a i n t s  
a r e  r e q u i r e d .  Development of t h e s e  and o t h e r  t e c h -  
n i q u e s  and d e m o n s t r a t i o n  o f  t h e i r  b e n e f i t s  a r e  
d e s c r i b e d  in  R e f e r e n c e  2 3 .  It  was o b s e r v e d  t l l i t  
t h e  KS-Function o f  t h e  l i n e a r  a p p r o x i m a t i o n  t o  g 
was a v e r y  a c c u r a t e  a p p r o x i m a t i o n  t o  t h e  KS- 
f u n c t i o n  o f  t h e  e x a c t  g. Once t h e  i n n e r  l o o p  
i t e r a t i o n s  have  converged  t h e  n e x t  c y c l e  o f  t h e  
o u t e r  l o o p  b e g i n s ,  u s i n g  t h e  c u r r e n t  d e s i g n  v a r i -  
a b l e s  a s  t h e  n e v  v a l u e s  O F  t h e  lumped m a s s e s  and 
t h e i r  l o c a t i o n s .  These  m a s s e s  a r e  t h e n  i n s e r t e d  
i n t o  t h e  s t r u c t u r a l  model and t h e  p r o c e s s  c o n t i n u e s  
u n t i l  c o n v e r g e n c e  o f  t h e  o u t e r  l o o p  i s  a c h i e v e d .  
To a s s u r e  t h a t  t h e  l i n e a r  
j *  
EXAMPLE PROBLEM 
The example problem i s  a beam r e p r e s e n t a t i o n  o f  an 
a r t i c u l a t e d  r o t o r  b l a d e  d e v e l o p e d  i n  R e f e r e n c e  5 
and shovn i n  F i g u r e  4 .  The heam i s  193 i n c h e s  l o n g  
w i t h  a h inged  end c o n d i t i o n  and is modeled by 10 
f i n i t e  e l e m e n t s  of  e q u a l  l e n g t h .  The model con-  
t a i n s  b o t h  s t r u c t u r a l  mass and lumped (non-  
s t r u c t u r a l )  masses .  The beam h a s  a box c r o s s  
s e c t i o n  a s  shovn i n  F i g u r e  4b and t h e  m a t e r i a l  
p r o p e r t i e s  and c r o s s - s e c t i o n a l  d i m e n s i o n s  a r e  sum- 
m a r i z e d  i n  t a b l e  1 .  T h r e e  lumped masses  a r e  t o  be  
p l a c e d  a l o n g  t h e  l e n g t h  O E  t h e  beam. The v a l u e s  o f  
t h e  masses  and t h e i r  l o c a t i o n s  a r e  the d e s i g n  v a r i -  
a b l e s  and t h e i r  i n i t i a l  v a l u e s ,  shown i n  t a b l e  I ,  
a r e  from t h e  b l a d e  in  R e f e r e n c e  5 .  
F i g u r e  5 shows t h e  d i s t r i b u t i o n s  ( f r o m  Re€. ?)  and 
p h a s e  a n g l e s  ( f r o m  Ref. 2 4 )  o f  t h e  a i r l o a d s  used .  
They a r e  i n p u t  a s  t a b u l a t e d  v a l u e s  O F  d i s t r i h u t e d  
F o r c e s  ( i . e . ,  Force per u n i t  l e n g t h )  i n t o  t h e  
F i n i t e - e l e m e n t  a n a l y s i s  ( R e f .  1 5 ) .  The F o r c e s  
needed i n  E q u a t i o n  (9) a r e  c a l c u l a t e d  a s  
c o n s i s t e n t  n o d a l  Forces  €or t h e  f i n i t e - e l e m e n t  
model .  These  a i r l o a d s  r e p r e s e n t  t h e  3, 4 ,  and 5 
p e r  r e v  l i f t i n g  a i r l o a d s  t h a t  a r e  t y p i c a l  o f  a 
f o u r - b l a d e d  a r t i c u l a t e d  r o t o r  sys tem.  These 
h a r m o n i c s  were chosen  s i n c e  t h e y  a r e  t h e  pr ime 
c o n t r i b u t o r s  t o  t h e  v i b r a t i o n  o f  a f o u r - b l a d e d  
r o t o r  s y s t e m .  In t h i s  work,  t h e  f i r s t  and s e c o n d  
e l a s t i c  f l a p p i n g  modes a r e  i n c l u d e d  s i n c e  t h e y  a r e  
pr ime c o n t r i b u t o r s  t o  t h e  v e r t i c a l  v i b r a t i o n  
t r a n s m i t t e d  by t h e  r o t o r  b l a d e s  t o  t h e  F u s e l a g e .  
7 
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RESULTS AND DISCUSSION 
The f o l l o w i n g  s e c t i o n s  d i s c u s s  r e s u l t s  o b t a i n e d  f o r  
e a c h  o f  t h e  t h r e e  o p t i m i z a t i o n  s t r a t e g i e a  a p p l i e d  
t o  t h e  example  problem. The test c a s e s  i n c l u d e  (1)  
a s i n g l e  mode r e s p o n d i n g  t o  a s i n g l e  harmonic  o f  
t h e  a i r l o a d ;  ( 2 )  tvo modes r e s p o n d i n g  t o  a s i n g l e  
harmonic  o f  a i r l o a d ;  and ( 3 )  tvo modes r e s p o n d i n g  
t o  t h r e e  harmonics  of t h e  a i r l o a d .  
R e s u l t s  for S t r a t e g y  I 
F i g u r e s  6 s  and 6b show t h e  i n i t i a l  and f i n a l  de- 
s i g n a  f o r  t h e  f i r s t  t e s t  c a s e  u s i n g  s t r a t e g y  I f o r  
m i n i m i z i n g  SI&, t h e  s h e a r  f o r  t h e  f i r s t  e l a s t i c  
f l a p p i n g  mode and t h e  & / r e v  a i r l o a d  by p r o p e r  
p lacement  o f  t h r e e  t u n i n g  masses .  The & / r e v  a i r -  
load i s  c o n c e n t r a t e d  a t  t h e  t i p  o f  t h e  b l a d e  and i n  
o r d e r  t o  s h a p e  t h e  mode t o  b e  i n s e n s i t i v e  t o  t h e  
a i r l o a d  a l l  t h r e e  t u n i n g  m a s s e s  were moved t o  t h e  
t i p  o f  t h e  b l a d e .  F i g u r e  6c  shows a s k e t c h  o f  t h e  
mode s h a p e  b e f o r e  and a f t e r  o p t i m i z a t i o n .  I t  is 
t h i s  change  i n  t h e  mode s h a p e  t h a t  r e d u c e s  t h e  
v a l u e  of  t h e  MSPlo , 9 9  p e r c e n t  and t h e  c o r r e s p o n d i n g  
s h e a r  S 1 4  by a s l m l l a r  amount. 
t h e  i n i t i a l  and f i n a l  d e s i g n s .  I t  i s  n o t e d  t h a t  
t h e  l a r g e  change  i n  MSP and s h e a r  i s  accompanied by 
an a l m o s t  z e r o  change  i n  f r e q u e n c y .  
T h i s  method proved  t o  be v e r y  u s e f u l  when working 
on t h e  r e s p o n s e  of one  mode c o r r e s p o n d i n g  t o  one  
a i r l o a d :  however ,  when t h i s  method was a p p l i e d  to  
more t h a n  one mode i t  was n o t  a l w a y s  e f f e c t i v e .  
The method d i d  r e d u c e  t h e  v a l u e s  of t h e  HSP's a s  
r e q u i r e d ,  b u t  low v a l u e s  o f  t h e  MSP's d i d  n o t  
n e c e s s a r i l y  g i v e  low v a l u e s  f o r  t h e  s h e a r ,  Sk. The 
r e a s o n  f o r  t h i s  i s  t h a t  t h e  v a r i o u s  HSP's ( a n d ,  
t h e r e f o r e ,  t h e  c o r r e s p o n d i n g  c o n t r i b u t i o n s  t o  t h e  
s h e a r ,  S i k )  may have  d i f f e r e n t  s i g n s .  When t h e s e  
s h e a r  c o n t r i b u t i o n s  a r e  added t o g e t h e r  ( s e e  Eq. 
( I l l ) ,  s m a l l  v a l u e s  f o r  t h e  i n d i v i d u a l  c o n t r i -  
b u t i o n r  S i k  d o  n o t  a l w a y s  m i n i m i z e  t h e  s h e a r  % 
u n l e s s  t h e  n e c e r s a r y  c a n c e l l i n g  o f  e q u a l  and 
o p p o s i t e  t e r m s  o c c u r s .  
T a b l e  2 summarizes  
R c s u l t s  for S t r a t e g y  I1 
I n  s t r a t e g y  XI, t h e  method is t o  r e d u c e  t h e  v a l u e s  
of  t h e  s h e a r  c o n t r i b u t i o n s ,  S i k  summed o v e r  t h e  
modes (see Eq. ( 1 1 ) ) .  T h i s  e l i m i n a t e s  t h e  problem 
i n  g t r a t e g y  I s i n c e  c o n s t r a i n t s  p l a c e d  on t h e  sums 
o f  t h e  modal s h e a r s  e n c o u r a g e  t h e  d e s i r a b l e  can-  
c e l l a t i o n  e f f e c t s .  The f i r s t  s t e p  in  d e m o n s t r a t i n g  
t h i s  method was t o  v a l i d a t e  i t  for  t h e  1 mode/l  
l o a d  c a s e .  The d e s i g n  for s t r a t e g y  I1 i s  e s s e n -  
t i a l l y  i d e n t i c a l  t o  t h a t  o f  F i g u r e  6 and t a b l e  2 
g i v e s  t h e  i n i t i a l  and f i n a l  d e s i g n s  of  t h e  b l a d e .  
The n e x t  s t e p  was t o  a p p l y  t h i s  s t r a t e g y  t o  a 2 
mode/l  load  c a s e .  The r e s p o n s e  o f  t h e  f i r s t  and 
second e l a s t i c  f l a p p i n g  modes c o r r e s p o n d i n g  t o  t h e  
& / r e v  a i r l o a d  is minimized .  T a b l e  3 summarizes  t h e  
i n i t i a l  and f i n a l  d e s i g n s .  The i n i t i a l  s h e a r  S4 
i n c l u d i n g  b o t h  modes is -34.68 l b f  which is r e d u c e d  
by t h e  o p t i m i z a t i o n  p r o c e s s  t o  -.01 l b f  w i t h  an 
accompanying d e c r e a s e  i n  t h e  added mass.  
I n s p e c t i o n  of t h e  i n i t i a l  and f i n a l  v a l u e s  of t h e  
MSP's ( t a b l e  3 )  shows t h a t  t h e  m a g n i t u d e s  o f  t h e  
HSP's became l a r g e r .  T h i s  h e l p s  t o  e x p l a i n  t h e  
lock o f  s u c c e s s  o f  s t r a t e g y  I f o r  t h i s  problem. In 
f a c t ,  t h e  modal s h e a r s  SI& and S24  a r e  e q u a l  and 
8 
o p p o s i t e  t h u s  combining t o g e t h e r  t o  produce  a n e a r  
z e r o  v a l u e  o f  t o t a l  s h e a r .  F i g u r e s  7a and 7b show 
t h e  i n i t i a l  and f i n a l  masses  and t h e i r  l o c a t i o n s  
and F i g u r e  7c shows t h e  change  i n  t h e  s h a p e s  o f  t h e  
f i r s t  and second e l a s t i c  f l a p w i s e  modes. 
S t r a t e g y  XI was n e x t  a p p l i e d  t o  a c a s e  of  t w o  modes 
r e s p o n d i n g  t o  t h e  3 ,  4 ,  and 5 p e r  r e v  h a r m o n i c s  O F  
a i r l o a d i n g  ( s e e  F ig .  5 ) .  T a b l e  4 shows t h e  i n i t i a l  
and f i n a l  r e s u l t s  where t h e  a m p l i t u d e s  o f  t h e  
s h e a r s ,  d u e  t o  t h e  two f l a p w i s e  modes, have  heen  
r e d u c e d  s i g n i F i c a n t l y  w i t h  o n l y  a 9 tbm i n c r e a s e  i n  
t u n i n g  mass.  For  example,  S5, t h e  s h e a r  f o r c e  
a s s o c i a t e d  w i t h  t h e  5 / r e v  h a r m o n i c ,  was reduced  
from -39.48 l b f  to  - . 1 6 2  l b f .  F i g u r e  8 g i v e s  a 
t i m e  h i s t o r y  o f  t h e  s h e a r  d u r i n g  one  r e v o l u t i o n  o f  
t h e  b l a d e  b e f o r e  and a f t e r  o p t i m i z a t i o n .  
I t  is c l e a r  from t h e  f i g u r e  t h a t  r e d u c i n g  t h e  
a m p l i t u d e s  o f  t h e  harmonic  s h e a r s  r e s u l t s  i n  a 
l a r g e  r e d u c t i o n  o f  t h e  t o t a l  s h e a r  t h r o u g h o u t  3 
r e v o l u t i o n  o f  t h e  b l a d e .  
R e s u l t s  f o r  S t r a t e g y  I L K  
The t h i r d  s t r a t e g y  was a p p l i e d  t o  t h e  p r e v i o u s  t a s t  
c a s e  o f  two modes r e s p o n d i n g  t o  t h r e e  h a r m o n i c s .  
F i g u r e  9 shows g r a p h s  o f  t h e  s h e a r  s ( t )  p l o t t e d  a s  
a f u n c t i o n  o f  t ime and a z i m u t h  f o r  a r e v o l u t i o n  o f  
t h e  b l a d e  f o r  t h e  i n i t i a l  and f i n a l  d e s i g n s .  The 
p e a k s  on t h e  i n i t i a l  c u r v e  h a v e  been  r e d u c e d  
d r a m a t i c a l l y .  For example ,  t h e  maximum peak smax 
€or  t h e  i n i t i a l  d e s i g n  is -78.00 1bE and for t h e  
€ i n a l  d e s i g n  t h e  maximum peak is -.576 l b f .  The 
e x t r e m e  r i g h t  column i n  t a b l e  4 g i v e s  d e t a i l s  o f  
t h e  f i n a l  d e s i g n s  from s t r a t e g y  111 and i n d i c a t e s  a 
l a r g e  p a y o f f  f o r  a r e l a t i v e l y  s m a l l  i n c r e a s e  i n  
added mass .  
Comparison o f  S t r a t e g i e s  I1 and TI1 
As s e e n  from t a b l e  4 ,  s t r a t e g y  111 g a v e  a d e s i g n  
c o m p a r a b l e  t o  s t r a t e g y  11. In b o t h  c a s e s ,  t h e r e  
was a s i g n i f i c a n t  r e d u c t i o n  i n  t h e  t o t a l  s h e a r .  
R e s u l t s  from s t r a t e g i e s  11 and 111 a r e  compared i n  
t a b l e  5 ,  i n  t e r m s  o f  t h e  peak v a l u e s  o f  s ( t )  a t  t h e  
c r i t i c a l  p o i n t s .  The f i n a l  r e s u l t s  were v e r y  c l o s e  
w i t h  s t r a t e g y  I11 p r o d u c i n g  s l i g h t l y  l o w e r  v a l u e s  
f o r  some o f  t h e  p e a k s  and s t r a t e g y  11 p r o d u c i n g  
lower v a l u e s  o f  o t h e r s .  O v e r a l l ,  s t r a t e g y  III was 
s l i g h t l y  b e t t e r  i n  m i n i m i z i n g  t h e  peak s h e a r .  
F i g u r e  10 shows t h e  s h e a r s  p l o t t e d  a s  f u n c t i o n s  o f  
time from e a c h  s t r a t e g y .  S t r a t e g y  111 was a some- 
what  more c o m p l i c a t e d  a p p r o a c h  t h a n  s t r a t e g y  11 and 
was more cumbersome t o  implement .  Wowever, t h e  
g r e a t e r  d e g r e e  o f  r i g o r  i n  s t r a t e g y  111 makes t h e  
s l i g h t l y  g r e a t e r  e f f o r t  wor th  t h e  i n v e s t m e n t .  
CONCLUDING REMARKS 
This p a p e r  d e s c r i b e d  methods  f o r  s y s t e m a t i c a l l y  
l o c a t i n g ,  a s  w e l l  a s  s i z i n g ,  t u n i n g  masses  t o  
r e d u c e  v i b r a t i o n  i n  h e l i c o p t e r  ro tor  b l a d e s  u s i n g  
f o r m a l  m a t h e m a t i c a l  o p t i m i z a t i o n  t e c h n i q u e s .  The 
problem was t o  f i n d  t h e  optimum c o m b i n a t i o n  o f  
t u n i n g  m a s s e s  and t h e i r  l o c a t i o n s  t o  r e d u c e  v e r -  
t i c a l  s h e a r  w i t h o u t  a l a r g e  mass p e n a l t y .  The 
methods embodied o p t i m i z a t i o n  p r o c e d u r e s  i n  which  
t u n i n g  m a s s e s  and t h e i r  l o c a t i o n s  were d e s i g n  
v a r i a b l e s  whose v a l u e s  m i n i m i z e  a c o m b i n a t i o n  o f  
s h e a r  and added mass.  The f i n i t e - e l e m e n t  
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s t r u c t u r a l  a n a l y s i s  o f  t h e  b l a d e  and t h e  o p t i m i z a -  
t ion Eonnula t  i o n s  r e q u i r e d  t h e  deve lopment  of  d i s -  
c r e t i t e d  e x p r e s s i o n s  f o r  tvo p e r f o r m a n c e  parame- 
t e r a :  tb.e modal s h a p i n g  p a r a m e t e r ,  and t h e  a m p l i -  
t u d e  o f  t h e  b l a d e  r o o t  v e r t i c a l  s h e a r .  Y a t r i x  
e x p r e r s i c i n s  f o r  b o t h  q u a n t i t i e s  and t h e i r  s e n s i t i v -  
i t y  d e r i v a t i v e s  vere d e r i v e d  i n  t h i s  p a p e r .  The 
mechanism i n  t h e  o p t i m i z a t i o n  f o r  r e d u c i n g  t h e  v e r -  
t i c a l  hl . ide s h e a r  vas t h r o u g h  "modal s h a p i n g "  by 
p l a c i n g  t h e  t u n i n g  masses a t  a t r a t e g i c  l o c a t i o n s  
a l o n g  t h e  b l a d e .  
T h r e e  o p t i m i z a t i o n  s t r a t e g i e s  v e r e  d e v e l o p e d :  t h e  
f i r s t  van b a s e d  on m i n i m i z i n g  t h e  modal s h a p i n g  
p a r a m e t e r ,  t h u s  i n d i r e c t l y  r e d u c i n g  t h e  a m p l i t u d e s  
of t h e  modal s h e a r  f o r  e a c h  h a r m o n i c ;  t h e  second 
r e d u c e d  t h e  s h e a r  a m p l i t u d e s  d i r e c t l y ;  and t h e  
t h i r d  r e d u c e d  t h e  t o t a l  s h e a r  a s  a f u n c t i o n  o f  time 
d u r i n g  a1 r e v o l u t i o n  o f  t h e  b l a d e .  
S t r a t e g y  I v o r k e d  well  f o r  r e d u c i n g  t h e  s h e a r  €or 
o n e  mode r e s p o n d i n g  t o  o n e  harmonic  o f  t h e  l o a d ,  
b u t  van i n e f f e c t i v e  f o r  m u l t i p l e  modes. T h i s  v a s  
d u e  t o  i n a b i l i t y  o f  t h e  method t o  t a k e  a d v a n t a g e  o f  
s i g n  d i f f e r e n c e a  b e t v e e n  t h e  c o n t r i b u t i o n s  f o r  
d i f f e r e n t  modes and h a r m o n i c s .  S t r a t e g y  I1 vorked  
e x t r e m e l y  well f o r  t h e  I mode/1 load  c a s e ,  a s  v e l 1  
a s  m u l t i p l e  m o d e l m u l t i p l e  l o a d s .  S t r a t e g y  111 g a v e  
e x c e l l e n t  r e s u l t s ;  t h a t  i s ,  t h e  peak s h e a r  was re- 
d u c e d  s i g n i f i c a n t l y  v i t h o u t  a l a r g e  mass p e n a l t y .  
S t r a t e g i e s  11 and I11 g a v e  e s e n t i a l l y  t h e  same 
r e s u l t s  f o r  a 2 mode/) l o a d  c a s e .  S t r a t e g y  11 is 
s l i g h t l y  e a s i e r  t o  implement  b u t  t h e  f a c t  t h a t  
s t r a t e g y  111 i s  a more r i g o r o u s  a p p r o a c h  makes i t  a 
p r e f e r r e d  c h o i c e  o v e r a l l .  
APPENDIX 
DE:RIVATION Of GENERAL FORn OF STEADY-STATE 
RESPONSE OF A HELICOPTER ROTOR BLADE 
- 
The p u r p o s e  o f  t h i s  a p p e n d i x  i s  t o  d e v e l o p  t h e  
g e n e r a l  Eonn of t h e  s t e a d y - s t a t e  modal r e s p o n a e  q i k  
f o r  t h e  i t h  mode and k t h  harmonic  of l o a d i n g .  
T h i s  d e r i v a t i o n  is b a s e d  on t h a t  of  R e f e r e n c e  2 and 
i s  i n c l u d e d  h e r e  to  e s t a b l i s h  t h e  n o t a t i o n a l  con- 
v e n t i o n s  u s e d  i n  t h e  main body o f  t h e  p a p e r  i n  t h e  
expressions f o r  t h e  modal s h a p i n g  p a r a m e t e r  (MSP) 
and b l a d e  r o o t  v e r t i c a l  s h e a r  (S). 
The g o v e r n i n g  m a t r i x  e q u a t i o n  f o r  v i b r a t i o n  re- 
sponse! o f  a E i n i t e - e l e m e n t  modeled s t r u c t u r e  i s  
where  M i s  t h e  mass m a t r i x  
C is t h e  damping m a t r i x  
K i s  t h e  s t i f f n e s s  m a t r i x  
X is t h e  v e c t o r  o f  d i s p l a c e m e n t s  and 
r o t a t i o n s  
F is t h e  a p p l i e d  f o r c e  v e c t o r  
The r r t i f f n e s r  m a t r i x  K f o r  a r o t o r  b l a d e  h a s  t h e  
form 
K K E  + KC + K D  
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where  KE is t h e  l i n e a r  e l a s t i c  s t i f f n e s s  m a t r i x  
K C  i s  a c e n t r i f u g a l  s t i f f n e s s  m a t r i x  v h i c h  
c o n t a i n s  p r o d u c t s  o f  masses  and a n g u l a r  
v e  l o c  i t y  
K D  is t h e  d i f f e r e n t i a l  s t i f f n e s s  m a t r i x  and 
c o n t a i n s  s t resses  a s s o c i a t e d  v i t h  e x t e n -  
s i o n  of t h e  beam d u e  t o  c e n t r i E u g a 1  
f o r c e s  
D e t a i l s  o f  t h e  d e r i v a t i o n s  and e x p l i c i t  forms €or 
K C  and KD may b e  found in  R e f e r e n c e s  2 5  and 2 6 .  
E x p r e s s  t h e  r e s p o n s e  v e c t o r  X a s  a modal e x p a n s i o n  
s u c h  t h a t  
where @i  i s  t h e  i t h  v i b r a t i o n  mode o f  t h e  
s t r u c t u r e  
q i  i s  t h e  g e n e r a l i z e d  r e s p o n s e  v e c t o r  
The modes a r e  n o r m a l i z e d  s u c h  t h a t  
.$i T n.$i = 9i (A4) 
E q u a t i o n  ( A 4 )  i s  t h e  u s u a l  d e f i n i t i o n  o f  ?fi as t h e  
g e n e r a l i z e d  mass a s s o c i a t e d  w i t h  t h e  i t h  mode. 
Combining E q u a t i o n s  ( A l ) ,  ( A 3 ) ,  (Ah) g i v e s  
h'; + 2 E i U i 4  + wiqi 2 = 1 p i  
n. 
( A5 
where  w i  is t h e  n a t u r a l  f r e q u e n c y  o f  t h e  i t h  mod 
F i  is t h e  g e n e r a l i z e d  f o r c e  f o r  i t h  mode 
C i  i s  modal  damping c o e E f i c i e n t  ( s e e  
Ref. 2 7 )  
E q u a t i o n  ( A S )  is i d e n t i c a l  t o  E q u a t i o n  ( 1 )  of  
T a y l o r  ( R e f .  2 ) .  The g e n e r a l i z e d  Eorce v e c t o r  Fi 
is a s u p e r p o s i t i o n  o f  c o n t r i b u t i o n s  Erom a l l  
h a r m o n i c s .  
Fi = 1 Fikc C O S  kil t  + 1 Fiks s i n  k Q t  ( A 6 )  
k=O k= 1 
From E q u a t i o n  (A51 and (A6) i t  f o l l o v s  t h a t  t h e  
s t e a d y  s t a t e  modal r e s p o n s e  a m p l i t u d e s  q i  a r e  o f  
t h e  form 
0 0 
q i  1 q i k c  c o s  k n t  + 1 qiks s i n  k Q t  (A7) 
k=O k= 1 
0 
= I  
k=O 
qik l  s i n ( k Q t  + yik 
The q u a n t i t y  19. I i s  t h e  a m p l i t u d e  of  t h e  r e -  
s p o n r e .  The d e t i n i n g  e q u a t i o n  for  l q  I i s  k i k  
v h e r e  
2 2 ] 1 1 2  
' ik  [ F i k s  ' ikc 
where  
- I  l lik - t a n  '2Eiw?kn 1 
(2)' - 1j 
(A10) 
( A l l )  
E q u a t i o n  ( A l O )  a l o n g  w i t h  E q u a t i o n  ( A l l )  show t h a t  
t h e  p h a s e  a n g l e  Yik i s  composed o f  t h e  sum o f  t v o  
c o n t r i b u t i o n s .  The f i r s t  S i k  i s  t h e  u s u a l  phase  
due  t o  damping o f  t h e  i t h  mode and t h e  second & i s  
d u e  t o  t h e  phase  l a g  i n  t h e  k t h  harmonic  of  l o a d .  
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